Coxeter groups as Beauville groups by Fairbairn, Ben
ar
X
iv
:1
50
8.
02
63
0v
2 
 [m
ath
.G
R]
  2
1 A
pr
 20
16
COXETER GROUPS AS BEAUVILLE GROUPS
BEN FAIRBAIRN
Abstract. We generalize earlier work of Fuertes and Gonza´lez-Diez as well
as earlier work of Bauer, Catanese and Grunewald by classifying which of
the irreducible Coxeter groups are (strongly real) Beauville groups. We also
make partial progress on the much more difficult question of which Coxeter
groups are Beauville groups in general as well as discussing the related question
of which Coxeter groups can be used in the construction of mixed Beauville
groups.
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1. Introduction
We begin with our main definition.
Definition 1.1. Let G be a finite group and for g, h ∈ G let
Σ(g, h) :=
|G|⋃
i=1
⋃
k∈G
{(gi)k, (hi)k, ((gh)i)k}.
A set of elements {{x1, y1}, {x2, y2}} ⊂ G×G is an unmixed Beauville structure
of G if and only if 〈x1, y1〉 = 〈x2, y2〉 = G and
(†) Σ(x1, y1) ∩ Σ(x2, y2) = {e}.
If G has an unmixed Beauville structure then we call G an unmixed Beauville
group or simply a Beauville group.
In some places in the literature authors have stated the above definition in terms
of spherical systems of generators of length 3, meaning a triple (as opposed to a
pair) of generators {x, y, z} with xyz = e, but we omit z = (xy)−1 from our notation
here. Furthermore, many earlier papers on Beauville structures add the condition
that for i = 1, 2 we have
o(xi)
−1 + o(yi)
−1 + o(xiyi)
−1 < 1,
but this condition was subsequently found to be unnecessary [4].
Beauville groups were originally introduced in connection with a class of com-
plex surfaces of general type known as Beauville surfaces. Very roughly speaking
these surfaces are defined by taking a product of two Riemann surfaces C × C′ and
quotienting out the action of a finite group G on this product giving us the variety
(C × C′)/G. These surfaces possess many useful geometric properties: their auto-
morphism groups [23] and fundamental groups [7] are relatively easy to compute
and these surfaces are rigid surfaces in the sense of admitting no non-trivial defor-
mations [6] and thus correspond to isolated points in the moduli space of surfaces of
1
general type. As a consequence they are useful for testing conjectures and providing
cheap counterexamples (most notably the Friedman-Morgan “speculation” — see
[6, Section 7] for details). Several authors have produced excellent surveys on these
and closely related matters in recent years including [5, 9, 22, 26, 28].
Complex surfaces sometimes have an additional structure analogous to complex
conjugation. In the case of Beauville surfaces, the existence of such a function can
be encoded in terms of the Beauville structure as follows.
Definition 1.2. Let G be a Beauville group and let X = {{x1, y1}, {x2, y2}} be a
Beauville structure for G. We say that G and X are strongly real if there exists an
automorphism φ ∈ Aut(G) and elements gi ∈ G for i = 1, 2 such that
giφ(xi)g
−1
i = x
−1
i and giφ(yi)g
−1
i = y
−1
i
for i = 1, 2.
In practice we often take g1 = g2 = e in this definition.
In [4, Section 3.2] Bauer, Catanese and Grunewald pose the general question
“which [finite] groups admit Beauville structures?” as well as the more difficult
question of which Beauville groups are strongly real Beauville groups. Many authors
have investigated these questions for several classes of finite groups including abelian
groups [7]; symmetric groups [4, 17] as well as decorations of simple groups more
generally [11, 18, 13, 14, 19, 20]; characteristically simple groups [8, 10, 24, 25] and
nilpotent groups [1, 2, 3, 8, 16, 27] (this list of references is by no means exhaustive!)
Here we extend this list by considering Coxeter groups. First we classify which of
the irreducible Coxeter groups are (strongly real) Beauville groups.
Theorem 1.3. Every finite irreducible Coxeter group is a strongly real Beauville
group aside from the groups of type:
(a) An for n ≤ 3;
(b) Bn for n ≤ 4;
(c) Dn for n ≤ 4;
(d) F4 and H3 and
(e) I2(k) for any k.
Whilst the classification of strongly real Beauville Coxeter groups is in general
somewhat more tricky (see the comment in Section 5), we can at least get most of
the way.
Corollary 1.4. No product of three or more irreducible Coxeter groups is a Beauville
group. Furthermore, K1 ×K2 is a strongly real Beauville group if K1 and K2 are
strongly real irreducible Coxeter Beauville groups not of type Bn.
As a consequence of the proof of Theorem 1.3 we have the following.
Corollary 1.5. An irreducible Coxeter group is a Beauville group if and only if it
is a strongly real Beauville group.
For the basic definitions and notation for Coxeter groups used throughout this
paper we refer the reader to [21].
This paper is organised as follows. In Sections 2 and 3 we will prove Theorem
1.3 in the cases of types Bn and Dn respectively before going onto to discuss the
exceptional groups in Section 4. In Section 5 we pull together the work of the
earlier parts to complete the proof of Theorem 1.3 and its corollaries along with a
discussion as to why it is difficult to extend these results further. Finally in Section
6 we discuss mixed and mixable Beauville groups, in which the curves C and C′ are
interchanged by the action of the group on C×C′, that we will define more precisely
there.
2
2. Coxeter groups of type Bn
In this section we prove Theorem 1.3 for the groups of type Bn.
Recall that matrix is ‘monomial’ if it has precisely one non-zero entry in each
row and column. For any positive integer n the Coxeter group W (Bn) has a degree
n irreducible ordinary representation in which every element of the group is repre-
sented by a monomial matrix in which all of the non-zero entries are equal to ±1.
In particular, this means that elements of the group can be represented by express-
ing a matrix as a permutation with an indication of which columns contain a −1
rather than a 1. We do this by underlining any number corresponding to a column
containing a −1. This can sometimes lead to a slightly odd way of expressing a
permutation with cycles of length one being included to indicate an entry of the
matrix equal to −1 whilst not including other cycles of length one. For example,
we write
(1, 2, 3)(5) for


· · 1 · ·
1 · · · ·
· −1 · · ·
· · · 1 ·
· · · · −1


.
In this section and the next we shall repeatedly make use of the following recent
general result of Jones [24, Proposition 6.1] (the special case in which the length of
the cycle must be a prime number is a clasical result due to Jordan, itself generalised
by a more recent result of Neumann in which the length of the cycle can be a prime
power).
Lemma 2.1. Let H be a primitive permutation group of degree n. If H contains a
cycle of length m where 2 ≤ m ≤ n− 3, then H ≥ Alt(n).
We first deal with the case in which n is large and even.
Proposition 2.2. If n ≥ 12 is even, then W (Bn) is a strongly real Beauville group.
Proof. Consider the following elements.
x1 := (1, 2, . . . , n− 1)(n), y1 := (n, n− 1, . . . , 4, 3)
t1 := (1, 2)(3, n− 1)(4, n− 2) · · · (n/2, n/2 + 2)
x2 := (1, 2, . . . , n− 3)(n− 2)(n− 1)(n), y2 := (n, n− 1, . . . , 6, 5)
t2 := (1, 4)(2, 3)(n, n− 2)(5, n− 3)(6, n− 4) · · · (n/2, n/2 + 2)
We claim that {{x1, y1}, {x2, y2}} is a strongly real Beauville structure for W (Bn).
We first claim that 〈x1, y1〉 = W (Bn). Viewing the subgroup H := 〈x21, y1〉 as
a degree n permutation group it is easy to see that H is 2-transitive and thus
primitive. It is easily checked by direct calculation that x2
1
y2
1
= (1, n− 1, 2, n, n− 2)
which is a 5-cycle and so by Lemma 2.1 H ≥ Alt(n). Since y1 is easily seen to be
an odd permutation, we must have that H = Sym(n). Since xn−1
1
is a diagonal
matrix with a sign change in one place, it follows that 〈x1, y1〉 =W (Bn).
We next claim that 〈x2, y2〉 = W (Bn). Viewing the subgroup H := 〈x21, y1〉 as
a degree n permutation group we note that the subgroup 〈x2
2
, (x2
2
)y2 , (x2
2
)y
2
2 〉 fixes
n − 2 and acts transitively on the remaining points, so H is 2-transitive and thus
primitive. Since x22 is an (n − 3)-cycle it follows that H ≥ Alt(n) by Lemma 2.1.
Since y2 is easily seen to be an odd permutation, we must have that H = Sym(n).
Since xn−1
1
is a diagonal matrix with a sign change in three places, it follows that
〈x2, y2〉 = W (Bn).
Next we show that condition (†) of Definition 1.1 is satisfied. To do this we use the
well known fact from linear algebra that any two conjugate matrices will have equal
traces. For the elements given above these are easily obtained by direct calculation
3
g T r(gr)
x1 1 (r even) −1 (r 6= n− 1 odd) n− 2 (r = n− 1)
y1 2
x1y1 n− 4 (r 6= 4) n− 8 (r = 4)
x2 3 (r even) −3 (r 6= n− 3 odd) n− 6 (r = n− 3)
y2 4
x2y2 n− 8 (r 6= 8) n− 16 (r = 8)
Table 1. The traces of non-trivial powers of the elements appear-
ing in the proof of Lemma 2.2.
and are listed in Table 1. By hypothesis n ≥ 12 and so these numbers are all distinct
with the following exceptions. If n = 12, then Tr(y2) = Tr(x2y2) but this does not
obstruct condition (†) holding. Furthermore Tr((x1y1)4) = Tr((x2y2)r) when r 6= 8
however in a monomial representation diagonal matrices can only be conjugate to
other diagonal matrices and so (x1y1)
4 (which is diagonal) and (x2y2)
r when r 6= 8
(which is not diagonal) cannot be conjugate. If n = 18, then we also have that
Tr(y1) = Tr((x2y2)
8) but again only one these two elements is diagonal so they are
again not conjugate. We have thus shown that {{x1, y1}, {x2, y2}} is a Beauville
structure for W (Bn).
Finally we show that this Beauville structure is strongly real; this is simply a
direct calculation verifying for i = 1, 2 that we have xtii = x
−1
i and y
ti
i = y
−1
i and
visibly conjugation by t1 and t2 differ only by an inner automorphism. 
Note that the hypothesis in the above lemma that n ≥ 12 cannot be weakened
without using a different construction from the one considered in the above proof.
Next, n large and odd.
Proposition 2.3. If n ≥ 11 is odd, then W (Bn) is a strongly real Beauville group.
Proof. Consider the following elements.
x1 := (1, 2, . . . , n− 2)(n− 1), y1 := (n, n− 1, . . . , 2)
t1 := (2, n− 2)(3, n− 3) · · · ((n− 1)/2, (n+ 1)/2)(n− 1, n)
x2 := (1, 2, . . . , n− 4)(n− 3)(n− 2)(n− 1), y1 := (n, n− 1, . . . , 4)
t2 := (1, 3)(4, n− 4) · · · ((n− 1)/2, (n+ 1)/2)
We claim that {{x1, y1}, {x2, y2}} is a strongly real Beauville structure.
We first claim that 〈x1, y1〉 = W (Bn). Viewing the subgroup H := 〈x21, y1〉
as a degree n permutation group, the subgroup 〈x21, (x1)y1〉 fixes n − 1 and acts
transitively on the remaining points, so H is 2-transitive and thus primitive. It is
easily checked by direct calculation that x2
1
y2
1
= (1, n, n− 2, n− 1, n− 3) which is
a 5-cycle and so by Lemma 2.1 H ≥ Alt(n). Since y1 is easily seen to be an odd
permutation, we must have that H = Sym(n). Since xn−2
1
is a diagonal matrix
with a sign change in one place, it follows that 〈x1, y1〉 =W (Bn).
We next claim that 〈x2, y2〉 = W (Bn). Viewing the subgroup H := 〈x21, y1〉 as a
degree n permutation group we note that the subgroup 〈x2
2
, (x2
2
)y2 , (x2
2
)y
2
2 , (x2
2
)y
3
2 〉
fixes n − 3 and acts transitively on the remaining points, so H is 2-transitive and
thus primitive. Since y2 is an (n−3)-cycle it follows that H ≥ Alt(n) by Lemma 2.1.
Since y2 is easily seen to be an odd permutation, we must have that H = Sym(n).
Since xn−1
1
is a diagonal matrix with a sign change in three places, it follows that
〈x2, y2〉 = W (Bn).
Next we show that condition (†) of Definition 1.1 is satisfied. To do this we again
use the well known fact from linear algebra that any two conjugate matrices will
4
g T r(gr)
x1 2 (r even) 0 (r 6= n− 2 odd) n− 2 (r = n− 2)
y1 1
x1y1 n− 4 (r 6= 4) n− 8 (r = 4)
x2 4 (r even) −2 (r 6= n− 4 odd) n− 6 (r = n− 4)
y2 3
x2y2 n− 8 (r 6= 8) n− 16 (r = 8)
Table 2. The traces of non-trivial powers of the elements appear-
ing in the proof of Lemma 2.3.
have equal traces. For the elements given above these are easily obtained by direct
calculation and are listed in Table 2. By hypothesis n ≥ 11 and so these numbers
are all distinct with the following exceptions. If n = 11, then Tr((x2y2)
l) = Tr(ym2 )
for l 6= 8 and m 6= o(y2) and if n = 19, then Tr((x2y2)8) = Tr(yr2) but neither of
these calculations obstruct condition (†) holding.
Furthermore, if n = 11, then Tr((x1y1)
4) = Tr(yr2) for any r 6= o(y2) and if
n = 17, then Tr((x2y2)
8) = Tr(yr
1
) for any r 6= o(y1) however in a monomial
representation diagonal matrices can only be conjugate to other diagonal matrices
and so neither (x1y1)
4 nor (x2y2)
8 (which are diagonal) can be conjugate to yl
1
for
l 6= o(y1) or ym2 for m 6= o(y2) (which are not diagonal). We have thus shown that
{{x1, y1}, {x2, y2}} is a Beauville structure for W (Bn).
Finally we show that this Beauville structure is strongly real; this is simply a
direct calculation verifying that for i = 1, 2 we have that xtii = x
−1
i and y
ti
i = y
−1
i
and visibly conjugation by t1 and t2 differ only by an inner automorphism. 
Whilst some would simply leave the small cases to the reader we prefer to be
more explicit, given the history of the Alt(6) controversy: [17] states that “On the
other hand computer inspection using the GAP programme has revealed that no
strongly real structure exists on [Alt(6)]” whilst [18] claimed the opposite, again
without being explicit. (It turns out that Alt(6) is indeed a strongly real Beauville
group.)
Lemma 2.4. The Coxeter groups of type Bn for 5 ≤ n ≤ 10 are strongly real
Beauville groups.
Proof. A straightforward computation verifies that the elements of these groups
given in Table 3 provide strongly real Beauville structures. 
Straightforward computation verifies that W (Bn) is not a Beauville group for
n ≤ 4.
3. Coxeter groups of type Dn
In this section we prove Theorem 1.3 for the groups of type Dn. Since many of
the proofs appearing here are analogous to those used in the previous section we
merely sketch the details here.
In terms of the representation described at the beginning of Section 2, the Cox-
eter group of type Dn is the subgroup of the Coxeter group of type Bn in which
every element is represented by a matrix that contains an even number of −1s.
It follows that we can use the same representation to describe elements of these
groups.
Proposition 3.1. If n ≥ 10 is even, then W (Dn) is a strongly real Beauville group.
5
n x1 x2
y1 y2
t1 t2
5 (1, 2, 5) (2, 3, 4, 5)
(1,2,3)(4,5) (1,4,2,5,3)
(1,2) (2,5)(3,4)
6 (1,2,3,4,5)(6) (1,2,3,4)(5,6)
(6,5,4,3,2,1) (6,5,4,3)
(1,5)(2,4) (1,2)(3,4)(5,6)
7 (1)(2, 6)(4, 7) (1, 2, 3, 4, 5)(6)
(1,2,3,4)(5,6,7) (1,7)(6,5,4,3,2)
(2,4)(6,7) (2,5)(3,4)
8 (1, 2, 3, 4, 5, 6, 7)(8) (1, 2, 3, 4, 5)(6)(7)(8)
(8,7,6,5,4,3) (1,3)(8,7,6,5,4)
(1,2)(3,7)(4,6) (1,3)(4,5)(6,8)
9 (1, 2, 3, 4, 5, 6, 7)(8) (1, 2, 3, 4, 5, 6)(7)(8)(9)
(9,7,6,5,8,3,2,1) (2,7)(6,8)(1,9)
(1,7)(2,6)(3,5) (2,6)(5,3)(7,8)
10 (1,2,3,4,5,6,7,8,9)(10) (1,2,3,4,5,6,7)(8)(9)(10)
(10,9,8,7,6,5,4,3,2,1) (10,9,8,7,6,5,4,3)
(1,9)(2,8)(3,7)(4,6) (1,2)(3,7)(4,6)(8,10)
Table 3. Elements of the groups Bn for small n that provide
strongly real Beauville structures proving Lemma 2.4.
g T r(gr)
x1 3 (r even) −1 (r 6= n− 3 odd) n− 4 (r = n− 3)
y1 0
x1y1 n− 4
x2 5 (r even) −3 (r 6= n− 5 odd) n− 8 (r = n− 5)
y2 2
x2y2 n− 8
Table 4. The traces of non-trivial powers of the elements appear-
ing in the proof of Lemma 3.1.
Proof.
x1 := (1, 2, . . . , n− 3)(n− 2)(n), y1 := (n, n− 1, . . . , 1)
t1 := (1, n− 3)(2, n− 4) · · · (n/2− 2, n/2)(n− 2, n)
x2 := (1, 2, . . . , n− 5)(n− 4)(n− 3)(n− 1)(n), y2 := (n, n− 1, . . . , 3)
t2 := (1, 2)(3, n− 5)(4, n− 6) · · · (n/2, n/2− 2)(n− 4, n)(n− 3, n− 1)
A proof analogous to that of Lemma 2.2 may be used to show that {{x1, y1}, {x2, y2}}
is a strongly real Beauville structure. The traces of powers of these elements are
explicitly listed in Table 4. 
Proposition 3.2. If n ≥ 11 is odd, then W (Dn) is a strongly real Beauville group.
Proof. Consider the following elements.
x1 := (1, 2, . . . , n− 2)(n− 1)(n), y1 := (n, n− 1, . . . , 4, 3, 2)
t1 := (2, n− 2)(3, n− 3) · · · ((n− 1)/2, (n+ 1)/2)(n− 1, n)
6
g T r(gr)
x1 2 (r even) −2 (r 6= n− 2 odd) n− 4 (r = n− 2)
y1 1
x1y1 n− 4
x2 4 (r even) −4 (r 6= n− 4 odd) n− 8 (r = n− 4)
y2 3
x2y2 n− 8
Table 5. The traces of non-trivial powers of the elements appear-
ing in the proof of Lemma 3.2.
n x1 x2
y1 y2
t1 t2
5 (1,2,3,4,5) (2,4,3)
(1,2)(4)(5) (5,2,3,4)
(1,2)(4,5) (2,4)
6 (1,2,3,4,5) (1,2,3,4)(5,6)
(1)(4)(5,6) (6,5,4,3)
(1,4)(2,3) (1,2)(3,4)(5,6)
7 (1,2,3,4,5,6,7) (1,2,3,4,5)
(1,2)(3)(4) (7,6,5,4)(3,2,1)
(1,2)(3,7)(4,6) (1,3)(4,5)(6,7)
8 (1,2,3,4,5)(6)(7) (1,2,3,4)(5,6,7,8)
(1,2,3,4,5,6,7,8) (8,7,6,5,4,3)
(1,5)(2,4)(6,8) (1,2)(3,4)(5,8)(6,7)
9 (1,2,3,4,5,6)(7)(9) (1,2,3,4,5)(6,7,8,9)
(9,8,7,6,5,4)(1,3) (9,8,7,6,5)(4,3,2,1)
(1,3)(4,6)(7,9) (1,4)(2,3)(6,9)(7,8)
Table 6. Elements of the groups Dn for small n that provide
strongly real Beauville structures proving Lemma 3.3.
x2 := (1, 2, . . . , n− 4)(n− 3)(n− 2)(n− 1)(n), y2 := (n, n− 1, . . . , 4)
t2 := (1, 3)(4, n− 4)(5, n− 5) · · · ((n− 1)/2, (n+ 1)/2)(n− 4, n)(n− 3, n− 2)
A proof analogous to that of Lemma 2.3 may be used to show that {{x1, y1}, {x2, y2}}
is a strongly real Beauville structure. The traces of powers of these elements are
explicitly listed in Table 5. 
Lemma 3.3. The Coxeter groups of type Dn for 5 ≤ n ≤ 9 are strongly real
Beauville groups.
Proof. A straightforward computation verifies that the elements of these groups
given in Table 6 provide strongly real Beauville structures. 
Straightforward computation verifies that W (Dn) is not a Beauville group for
n ≤ 4.
4. The exceptional groups
In this section we prove Theorem 1.3 in the case of the exceptional Coxeter
groups, that is, the groups of types E6, E7, E8, F4, H3 and H4.
7
x1 :=


· · 1 · · ·
1 · · · · ·
· · · · 1 ·
· 1 · · · ·
· · · · · 1
· · · 1 · ·


, y1 :=
1
3


1 −2 1 −2 1 1
1 1 1 −2 1 −2
−1 −1 2 −1 −1 −1
· · 3 · · ·
−2 1 1 −2 1 1
1 1 1 −2 −2 1


x2 :=
1
3


−2 −2 1 1 1 1
1 −2 −2 1 1 1
· · · 3 · ·
−2 1 −2 1 1 1
· · · · · 3
· · · · 3 ·


, y2 :=
1
3


· 3 · · · ·
−2 1 1 1 1 −2
· · 3 · · ·
· · · 3 · ·
−2 1 1 1 −2 1
1 1 1 1 −2 −2


t :=


· 1 · · · ·
1 · · · · ·
· · · 1 · ·
· · 1 · · ·
· · · · · 1
· · · · 1 ·


Figure 1. The matrices verifying that W (E6) is a strongly real
Beauville group.
4.1. The Coxeter groups of type E6, E7 and E8. In each of these three cases
we exhibit explicit matrices for strongly real Beauville structures for these groups.
The matrices we will use in this section come from representations of these groups
first described by the author in [12, Section 6]. These have the helpful property that
the parabolic subgroup isomorphic to a symmetric group obtained by removing a
single node is represented by permutation matrices. (Many of the elements lying
outside this ‘monomial subgroup’ also admit an unusually simple description.)
Lemma 4.1. The groups W (En) for n = 6, 7, 8 are strongly real Beauville groups.
Proof. It is a straightforward computation to verify that the matrices given in
Figures 1, 2 and 3 have the correct properties to be Beauville structures for these
groups as well as the fact that xti = x
−1
i and y
t
i = y
−1
i for i = 1, 2 in each case
thereby showing that these are in fact strongly real Beauville structures. 
4.2. The Coxeter group of type F4.
Lemma 4.2. The group W (F4) is not a Beauville group.
Proof. Let W := W (F4), let W
′ be its derived subgroup and let x and y be their
standard generators (that is x is in class 2C, o(y) = 6, o(xy) = 6 and o(xy2) = 4).
Since W/W ′ = 22 there are three index 2 subgroups, namely
Hx := 〈W ′, x〉, Hy := 〈W ′, y〉 and Hxy := 〈W ′, xy〉.
Outside W ′ each of Hy and Hxy contain a W -class of elements of order 6 (repre-
sented by y and xy respectively) a class consisting their cubes and for each of these
there is a second class consisting of the same elements multiplied by the central
involution (which is represented by (xy3xy)6). There is also a W -class of elements
of order 4 (represented by [x, y]y and [x, y]xy respectively).
8
x1 :=
1
3


1 −2 1 1 −2 1 1
· · 3 · · · ·
1 1 1 1 −2 1 −2
3 · · · · · ·
· · · · · 3 ·
1 −2 1 1 1 1 −2
· · · 3 · · ·


, y1 :=
1
3


1 1 −2 1 1 1 −2
1 1 −2 1 1 −2 1
· · · · 3 · ·
· · · 3 · · ·
−1 −1 −1 2 2 −1 −1
−2 1 −2 1 1 1 1
1 −2 −2 1 1 1 1


x2 :=


· · · · · · −1
−1 · · · · · ·
· −1 · · · · ·
· · −1 · · · ·
· · · −1 · · ·
· · · · −1 · ·
· · · · · −1 ·


, y2 :=
1
3


· · · · · 3 ·
· · · · · · 3
1 −2 −2 1 1 1 1
−2 1 −2 1 1 1 1
−1 −1 −1 −1 −1 2 2
1 1 −2 1 −2 1 1
1 1 −2 −2 1 1 1


t :=


· · · · · · 1
· · · · · 1 ·
· · · · 1 · ·
· · · 1 · · ·
· · 1 · · · ·
· 1 · · · · ·
1 · · · · · ·


Figure 2. The matrices verifying that W (E7) is a strongly real
Beauville group.
Consequently, all elements of order 6 in Hy square to the same class, as do all
elements of order 6 in Hxy. All elements of W order 4 outside W
′ power up to
elements of class 2B, which is contained in the derived subgroup. Consequently, if
one generating pair uses an element of order 6 from one of Hy or Hxy then the other
generating pair cannot use an element of order 6 from that same subgroup. Writing
(a, b) − generated to mean ‘the group is generated by an element of order a from
Hy and an element of order b from Hxy’ it turns out that searching through all
such elements, the group is not (4,4)-generated (4,2)-generated or (2,4)-generated.
Furthermore, the group is neither (6,2)-generated nor (2,6)-generated. (Though it
can be generated by an element of order 6 from either Hy or Hxy along with a class
2C element from Hx such as the standard generators). Consequently, the group can
only be (6,4)-generated, (4,6)-generated or (6,6)-generated and no combination of
such pairs can form a Beauville structure. We conclude that W is not a Beauville
group. 
4.3. The Coxeter group of type H3.
Lemma 4.3. The Coxeter group of type H3 is not a Beauville group
Proof. Since this group is isomorphic to 2×Alt(5) it is clear that in any generating
pair g, h ∈ 2 × Alt(5) at least one of g, h or gh must power-up to the central
involution. Consequently, condition (†) of Definition 1.1 cannot be satisfied by any
prospective Beauville structure since Σ(x1, y1)∩Σ(x2, y2) must contain the central
involution. 
4.4. The Coxeter group of type H4. As with the En cases we will use an
explicit representation of the group that has the helpful property of including all
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x1 :=


· · · · 1 · · ·
1 · · · · · · ·
· · · · · · 1 ·
· · · · · · · 1
· · · · · 1 · ·
· 1 · · · · · ·
· · · 1 · · · ·
· · 1 · · · · ·


, y1 :=
1
3


1 1 1 −2 1 1 −2 −2
1 1 1 −2 −2 1 −2 1
· · · −3 · · · ·
1 1 1 −2 −2 1 1 −2
· · · −3 · 3 · ·
−1 2 −1 −1 −1 2 −1 −1
−1 −1 2 −1 −1 2 −1 −1
2 −1 −1 −1 −1 2 −1 −1


x2 :=


1 · · · · · · ·
· 1 · · · · · ·
· · · · · 1 · ·
· · 1 · · · · ·
· · · 1 · · · ·
· · · · · · 1 ·
· · · · 1 · · ·
· · · · · · · 1


, y2 :=
1
3


2 2 −1 −1 2 −1 −1 −1
2 2 −1 −1 −1 −1 −1 2
1 1 1 −2 1 −2 −2 1
1 1 −2 1 1 −2 −2 1
2 2 −1 −1 −1 −1 −1 −1
· 3 · · · −1 · ·
1 1 −2 −2 1 −2 1 1
3 · · · · −3 · ·


t :=


· 1 · · · · · ·
1 · · · · · · ·
· · · 1 · · · ·
· · 1 · · · · ·
· · · · · 1 · ·
· · · · 1 · · ·
· · · · · · 1 ·
· · · · · · · 1


Figure 3. The matrices verifying that W (E8) is a strongly real
Beauville group.


1 · · ·
· 1 · ·
· · · 1
· · 1 ·

 ,


1 · · ·
· · 1 ·
· 1 · ·
· · · 1

 ,


· 1 · ·
1 · · ·
· · 1 ·
· · · 1

 and
−1
4


1
√
5
√
5
√
5√
5 −3 1 1√
5 1 −3 1√
5 1 1 −3

 .
Figure 4. The matrices corresponding to the simple reflections in
our representation of W (H4).
permutation matrices. Unlike those cases, such a representation does not appear in
[12]. We will use a representation in which the simple reflections correspond to the
beautiful matrices given in Figure 4.
Lemma 4.4. The group W (H4) is a strongly real Beauville group.
Proof. It is a straightforward computation to verify that the matrices given in
Figure 5 have the correct properties to be a Beauville structure for this group as
well as the fact that xti = x
−1
i and y
t
i = y
−1
i for i = 1, 2 thereby showing that this
is in fact a strongly real Beauville structure. 
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x1 := −1
4


−3 1 1 √5
1 −3 1 √5
1 1 −3 √5√
5
√
5
√
5 1

 , y1 :=


· · 1 ·
· · · 1
· 1 · ·
1 · · ·


x2 :=


· 1 · ·
· · 1 ·
1 · · ·
· · · 1

 , y2 := −
1
4


· 1 +√5 −2 −1 +√5
1 +
√
5 · −1 +√5 2
−1 +√5 −2 −1−√5 ·
2 −1 +√5 · −1−√5


t :=


· 1 · ·
1 · · ·
· · 1 ·
· · · 1


Figure 5. The matrices verifying that W (H4) is a strongly real
Beauville group.
5. Proofs
In this section we pull together the results of the earlier sections to give the
overall proof of Theorem 1.3 and of Corollary 1.4. We will also discuss some of the
barriers to extending these results.
Proof. (of Theorem 1.3) Part (a) was proved by Fuertes and Gonza´lez-Diez in [17,
Theorem 3]. Part (b) was proved in Section 2; part (c) was proved in Section 3 and
part (d) was proved in Section 4. Finally part (e) is a simple observation first made
by Bauer, Catanese and Grunewald in [4, Lemma 3.7]. 
Proof. (of Corollary 1.4) First note that the abelianisation of a direct product of
n irreducible Coxeter groups contains the elementary abelian group of order 2n.
It follows that the direct product of more than two Coxeter groups is not even
2-generated, let alone a Beauville group, so a Coxeter Beauville group must either
be irreducible or of the form K1 ×K2 for some irreducible Coxeter groups K1 and
K2.
The groups of type Bn have the property that their abelianisation is the Klein
foursgroup, so neither Ki can be of this type.
For the remaining claim note that the Beauville structures constructed in Sec-
tions 3 and 4 as well as the Beauville structures previously constructed by the author
in [10, Lemma 19] in the type An case were constructed in such a way that not all
of the elements x1, y1, x2 and y2 lie outside the derived subgroup and in particular
these structures have the property that {{(x1, y−12 ), (y1, x−2 1)}, {(x2, y−11 ), (y2, x−11 )}}
will generate the whole of K1 ×K2. (Where possible we took the xis from outside
the derived subgroup and the yis from inside, indeed only in the H4 case did it
seems difficult to find such a structure, but even in that case only x2 lies inside
the derived subgroup, so the elements of the product still lie in different cosets and
thus generate the whole group.) Finally it is easy to see that we can ‘double up’
the automorphisms used earlier to make this structure a strongly real one. 
The general question of classifying precisely which groups of the form K1 ×K2
are strongly real Beauville groups is much more difficult. It is easy to see that
neither Ki can be of type F4 nor of type I2(k), k even, for the same reason that
they cannot be of type Bn but the general picture is much more complicated. For
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example, the below permutations give a strongly real Beauville structure for the
group W (H3)×W (H3) (recall that W (H3) is not a Beauville group)
x1 := (1, 2, 3, 4, 5)(6, 7)(8, 9)(10, 11), y1 := (1, 2)(3, 4)(8, 9, 10, 11, 12)(13, 14),
x2 := (1, 2, 3)(8, 9)(10, 11)(13, 14), y2 := (1, 4)(2, 5)(6, 7)(8, 10, 12)(13, 14)
whilst the following permutations give a strongly real Beauville structure for the
group W (A4)×W (I2(3))
x1 := (1, 2)(3, 4, 5)(6, 7, 8), y1 := (4, 1)(2, 3)(6, 7)
x2 := (1, 2, 3, 4)(6, 7, 8), y2 := (2, 3, 4, 5)(6, 7).
It is also easy to see that neither W (A4) ×W (I2(5)) nor W (A5) ×W (I2(5)) are
Beauville groups since for any generating pair x and y we have that Σ(x, y) must
contain elements of order 5 that belong solely in the ‘I2 part’ of the group. Similarly
if k is coprime to |K1|, then K1 ×W (I2(k)) cannot be a Beauville group, nor can
W (I2(k)) ×W (I2(k′)) be a Beauville group for any k and k′. This naturally poses
the following.
Question 5.1. Which of the groups K1 ×K2 are (strongly real) Beauville groups.
Conjecture 5.2. A Coxeter group is a Beauville group if and only if it is a strongly
real Beauville group.
We remark that the author had previously proved the special case of the groups
W (An)×W (An) in [10, Lemma 19].
6. The mixed case
In this final section we discuss attempts to use Coxeter groups to construct mixed
Beauville groups.
6.1. Mixed Beauville groups. Recall from Section 1 that a Beauville group acts
on a product of Riemann surfaces C × C′. The structures in Definition 1.1 do not
interchange C with C′. It is interesting to ask when the group can interchange the
two curves and if this can be be translated into group theoretic terms. It turns
out that the answer is yes and this happens precisely when a group has a so-called
mixed Beauville structure that we define as follows [6].
Definition 6.1. Let G be a finite group. A mixed Beauville quadruple for G is
a quadruple (G0; a, c; g) consisting of a subgroup G0 of index 2 in G; of elements
a, c ∈ G0 and of an element g ∈ G such that
• G0 is generated by a and c;
• g 6∈ G0;
• for every γ ∈ G0 we have that (gγ)2 6∈ Σ(a, c) and
• Σ(a, c) ∩ Σ(ag, cg) = {e}.
If G has a mixed Beauville quadruple, then we say that G is a mixed Beauville
group and call (G0; a, c; g) a mixed Beauville structure of G.
Mixed Beauville groups are much more difficult to construct than their unmixed
counterparts. In slightly different terms, [17, Lemma 5] states the following.
Lemma 6.2. Let G and G0 be as in part Definition 6.1. Then the order of any
element in G \G0 is a multiple of 4.
Fuertes and G. Gonza´lez-Diez used the above lemma to show that the symmetric
groups do not contain mixed Beauville structures since they contain transpositions
which of course have order 2.
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Here we note that this simple observation immediately carries over to Coxeter
groups in general: if G is of type Dn, E6, E7, E8, H3 and H4 then reflections have
order 2 and lie outside the only index 2 subgroup and so by Lemma 6.2 these cannot
be mixed Beauville groups.
In the case of the groups of type Bn the abelianisation is the Klein foursgroup
so there are three subgroups of index 2. Let l be a reflection in one of the long
root associated with Bn and let s be a reflection in one of the corresponding short
roots. It may be shown that if W ′ is the derived subgroup then the three subgroups
are 〈W ′, l〉, 〈W ′, s〉 and 〈W ′, ls〉. In each case there is clearly an element outside
the derived subgroup whose order is not a multiple of 4, so no Coxeter groups of
type Bn of index at most 2 can be made into mixed Beauville groups. A similar
argument shows that the Coxeter group of type F4 is not a mixed Beaville group.
6.2. Mixable Beauville groups. In [15] the author and Pierro introduced the
notion of ‘mixable’ Beauville groups that we define as follows.
Definition 6.3. Let H be a finite group. Let a1, c1, a2, c2 ∈ H and define ν(ai, ci) =
o(ai)o(ci)o(aici) for i = 1, 2. If
(1) o(a1) and o(c1) are even;
(2) 〈a2
1
, a1c1, c
2
1
〉 = H;
(3) 〈a2, c2〉 = H and
(4) ν(a1, c1) is coprime to ν(a2, c2),
then we say that H is a mixable Beauville group.
(The above definition is slightly different to that given in [15] where the definition
is restricted to perfect groups. This restriction enables us to replace condition (2)
with the slightly simpler condition that 〈a1, c1〉 = H . Here we prefer this more
general notion as no Coxeter group is perfect since the reflections always lie outside
the derived subgroup.)
The reason for introducing these concepts is as follows. If we consider the group
G := (H × H) : Q4k where Q4k is the dicyclic group of order 4k and k > 1 is an
integer coprime to gcd(o(a1), o(c1)), then whenever H is a mixable Beauville group
we have that G is a mixed Beauville groups.
Lemma 6.4. No Coxeter group is a mixable Beauville group.
Proof. Any generating set for a group must contain at least one element from out-
side its derived subgroup. In any Coxeter group, every element outside the derived
subgroup has even order, so it is impossible to find generating pairs that satisfy
condition (4) of Definition 6.3. 
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